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1 Introduction

The last decade of research on policy evaluation and welfare analysis has seen an explosion in

the use of a term: sufficient statistics. The idea of the sufficient statistics approach is that the

welfare effects of policy changes can be expressed in terms of estimable elasticities, allowing for

policy evaluation without making parametric assumptions or estimating the structural primitives

of fully specified models. Chetty (2009) coined the phrase, arguing that the approach combines

the best of reduced-form and structural approaches: credible identification of causal effects and

the ability to make welfare predictions.

To illustrate the rising popularity of this terminology, Figure 1 shows the fraction of NBER

working papers in public economics that refer to the sufficient statistics approach. The graph

is based on the study of language trends in public economics by Kleven (2018). The sufficient

statistics terminology was rarely used until the late 2000s, but takes off after the publication of

Raj Chetty’s paper. It has been on a steep upward trend since then.

While the terminology is new, the intellectual origins of the sufficient statistics approach are

extremely old. Economists have expressed optimal tax policy and deadweight loss in terms of

demand and supply elasticities since the early days of normative public finance theory.1 Two

modern developments have been pivotal for the recent influence of the approach. One develop-

ment is the identification revolution in empirical work over the last two or three decades. This

work has allowed for clear and credible identification of the reduced-form effects of public policy

using quasi-experimental research designs. The other development is a set of theoretical contribu-

tions on optimal policy and welfare measurement that have clarified the general principles under

which welfare can be written as a function of reduced-form elasticities. The fundamental insight

is that, because of envelope conditions from household and firm optimization, the welfare effect

of small policy changes can be expressed as a fiscal externality — the impact of changed behavior

on the government budget — and is therefore governed by behavioral elasticities interacted with

1Ramsey (1927) and Corlett and Hague (1953-1954) discussed the role of elasticities for optimal tax policy. Har-
berger (1964) popularized the measurement of deadweight loss using elasticity-based approximations (Harberger tri-
angles), but he was not the first to expose the basic ideas. Hotelling (1938) provides an analysis of “Harberger trian-
gles” before Harberger, labelling it the “classical argument” and crediting Dupuit (1844) with the underlying ideas.
Hines (1999) provides a knowledgeable review tracing the intellectual history of Harberger triangles. The empirical
estimation of the demand and supply elasticities relevant for deadweight loss calculations originates primarily with
the large body of work by Martin Feldstein from the late 1960s onwards.
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observable tax-transfer rates.2

This paper revisits the foundations of the sufficient statistics approach, clarifies its advantages

and limitations, and provides a number of generalizations. As it stands, the sufficient statistics

approach relies on three key assumptions. The first assumption is that the policy change being

analyzed is small, which in principle means infinitessimal or at least close enough to infinites-

simal for first-order approximations to be precise. The second assumption is that government

policy is the only thing that stands between the actual equilibrium and the first-best equilibrium.

In other words, there are no non-government externalities or internalities that would be affected

by behavioral responses to policy reforms. Finally, there is a third set of assumptions on the deci-

sion environment (e.g., dynamics, uncertainty, and policy instruments) and on preferences (e.g.,

separability assumptions and quasi-linearity). These assumptions are not theoretically necessary,

but they are important for empirical implementation as they determine the exact set of sufficient

statistics for that particular setting.3

This paper generalizes the sufficient statistics approach in all three dimensions. We cast the

analysis in the language of taxation, but the framework can capture non-tax policies as well. To

begin with, keeping the assumptions of small reforms and no non-government externalities, we

present a sufficient statistics formula that is very general in terms of the environment and prefer-

ences. This formula holds for any type of tax system and tax reform, and it allows for dynamics

and general equilibrium effects. However, the problem with this general approach is that the

parameter space is very large: it includes the compensated own- and cross-price elasticities as

well as the income elasticities of every good at each point in time. A sufficient statistics approach

based on this many parameters is infeasible. We therefore simplify the parameter space by im-

posing more structure on tax policy and preferences. An advantage of starting from a general

formulation is that we can see very clearly how different combinations of assumptions gener-

ate the simple sufficient statistics formulas used in practice. This includes the Harberger-style

formulas expressed in terms of a single sufficient statistic summarized by Chetty (2009).4

2The fiscal externality property underlies most of the normative public finance literature, but its exact role for
welfare measurement and the empirical implications have crystallized more recently. The property is crucial for the
sufficiency of the elasticity of taxable income for welfare (Feldstein 1999). See Saez (2004) and Kleven and Kreiner
(2005) for clear expositions of the general principle.

3This last set of assumptions make the sufficient statistic language slightly odd, because the elasticities are only
sufficient conditional on the high-level “structural” assumptions being made.

4Starting from a general formula also allows us to compare sufficient statistics approaches to structural approaches.
The latter can be viewed as an alternative way of simplifying the parameters space, namely by making parametric
assumptions that reduces the high-dimensional elasticity space to a few structural primitives.
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We then relax the other key assumptions of the approach, allowing for large reforms and for

non-government distortions. It is possible to provide transparent and intuitive sufficient statistics

formulas for those more general cases, but the estimation requirements increase considerably.

We highlight two main results. First, it is possible to provide a trapezoid approximation of the

welfare effect of large reforms, which depends on the same elasticity (or elasticities) as the small-

reform formula as well as the change in the elasticity (or elasticities) created by the reform. The

sufficient statistics are therefore a set of elasticity levels and elasticity changes. As we discuss,

given the difficulties of reaching a consensus on elasticity levels, it may be unrealistic to hope for

a consensus on elasticity changes. If so, we have to impose more structure. The simplest solution

is to assume quasi-linear, iso-elastic preferences, but this is of course a fully parametric approach.

Existing sufficient statistics approaches are implicitly based on such preferences, because they

analyze discrete policy reforms and do not account for elasticity changes.5

Second, it is possible to provide sufficient statistics results under a very general formulation of

non-government externalities by re-defining the “tax wedges” to include any uninternalized util-

ity effect of behavioral changes. Our formulation allows for atmospheric externalities, relative

consumption and relative labor supply externalities, internalities due to psychological aspects,

and many other effects.6 Crucially, the redefined tax wedges are not directly observable, but have

to be estimated and in fact may be harder to estimate than the behavioral elasticities. For example,

while there may be some degree of consensus on the earnings elasticity at the top of the distri-

bution, there may be less consensus on the degree to which these earnings responses represent

socially productive effort as opposed to, say, rent-seeking or rat race effects. In any case, our for-

mulas show that the set of sufficient statistics for policy evaluation include behavioral elasticities

along with externality-adjusted tax wedges on each margin of response. In the sufficient statis-

tics spirit, welfare evaluation does not require a fully specified model of each different market

imperfection. It is sufficient to estimate “reduced-form” gaps between private and social prices

in conjunction with the behavioral elasticities that we normally estimate.

The paper is organized as follows. Section 2 lays out the framework, section 3 characterizes

the welfare effect of small reforms absent any non-government externalities, section 4 general-

izes the analysis to large reforms, section 5 generalizes the analysis to allow for non-government

5Assuming iso-elastic preferences, the standard sufficient statistics formula still needs to be modified when reforms
are large. This is because the formula has to account for the changing tax wedge over the discrete reform path.

6As a specific example, our framework allows for the type of wage bargaining externalities modelled by Piketty,
Saez, and Stantcheva (2014).
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distortions, and section 6 concludes.

2 Model

There is a continuum of individuals indexed by i. There is a discrete set of goods indexed by

j = 0, ...,J . The set of goods may include consumption and labor supply at different points in

time as well as different types of consumption and labor supply at a point in time. If the setting

is dynamic, goods may also include wealth at different points in time or bequests.

Utility is given by

ui
(
xi0, ...,xiJ

)
= ui

(
xi
)

. (1)

The budget constraint is given by

J

∑
j=0

xij + T
(
xi0, ...,xiJ

)
= yi, (2)

where pre-tax prices are normalized to one, or rather where we interpret xi as a vector of pre-tax

expenditures and pre-tax earnings (rather than consumption and labor supply quantities). Prices

are then embodied in utility (as a function of expenditures/earnings) and any heterogeneity in

prices/wage rates are accounted for in ui (.).7 The “tax function” T (.) embodies all taxes and

transfers, it may be nonlinear, and it may feature non-separabilities between different arguments.

For example, if good j denotes consumption at time t (such that ∂T/∂xij includes capital taxes)

and good j+ 1 denotes labor earnings at time t (so that ∂T/∂xij+1 includes labor taxes), then T (.)

is not separable in j and j + 1 under an income tax (i.e., ∂2T/∂xij∂x
i
j+1 6= 0). We will assume,

however, that T (.) is piecewise linear, so that marginal tax rates are constant within brackets.

Denoting marginal tax rates by ∂T/∂xij ≡ τ ij , we can rewrite the budget as follows

J

∑
j=0

(
1 + τ ij

)
xij = Y i, (3)

where Y i ≡ yi + ∑J
j=0 τ

i
jx
i
j − T

(
xi0, ...,xiJ

)
is virtual income.

7This parsimonious specification implies that we avoid carrying price notation in the derivations. While this im-
plies that we are taking pre-tax prices as given, there is in fact no loss of generality here. Given the assumption of
perfect competition, tax-induced price changes (incidence) affect only the distribution of real incomes, they do not
affect efficiency. Because the sufficient statistics approach deals with the measurement of efficiency, the results we
provide are valid under any arbitrary incidence.
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Each household maximizes utility (1) subject to the budget constraint (3). Denoting the La-

grange multiplier of this optimization program by λi , the first-order condition for xij is given

by
∂ui

∂xij
− λi

(
1 + τ ij

)
= 0, (4)

where we have used that ∂Y i/∂xij = 0.8 The uncompensated demand and supply functions

implied by equation (4) can be written as xij = xij
(
1 + τ i0, ..., 1 + τ iJ ,Y i

)
. Indirect utility may then

be defined as follows

vi
(
1 + τ i0, ..., 1 + τ iJ ,Y i

)
= ui

(
xi0
(
1 + τ i0, ..., 1 + τ iJ ,Y i

)
, ...,xiJ

(
1 + τ i0, ..., 1 + τ iJ ,Y i

))
. (5)

The derivatives of indirect utility have well-known properties that will become useful later.

The marginal utility of income Y i and of tax prices 1 + τ ik (taking Y i as given), respectively, are

equal to
∂vi

∂Y i
= λi, ∂vi

∂ (1 + τ ik)
= −λixik. (6)

In deriving these results, we use the budget constraint as well as the first-order conditions. The

second derivative is, of course, Roy’s identity.

Finally, we also have the Slutsky decomposition, i.e.

∂xij
∂ (1 + τ ik)

=
∂x̃ij

∂ (1 + τ ik)
− xik

∂xij
∂Y i

, (7)

where “tilde” denotes compensated demand/supply.

3 Welfare Effect of Small Reforms

To study the effects of reform, we specify tax policy as a function of a treatment parameter θ, i.e.

we write tax liability as T
(
xi0, ...,xiJ , θ

)
and marginal tax rates as τ ij (θ) ∀j. Changes in treatment

θ may capture any arbitrary set of changes in τ i0, ..., τ iJ and in T (.), within the class of piecewise

8Equation (4) is the optimality condition for agents locating within brackets, i.e. conditional on not bunching at a
kink point between brackets. We ignore bunching at kink points throughout the analysis, because such local responses
(mass points) have no first-order impact on aggregate welfare. That is, while bunching is widely studied as an empirical
approach to uncover behavioral elasticities (see e.g., Saez 2010; Kleven 2016), bunching mass is not important for
welfare in and of itself.
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linear policies.9 This section focuses on small reforms (dθ ≈ 0), while the next section generalizes

the analysis to large reforms.

We start by calculating the money-metric effect on utility of such policy reforms, i.e. dvi/dθ
λi

.

We have
dvi

dθ
=

J

∑
j=0

∂vi

∂
(

1 + τ ij

) dτ ij
dθ

+
∂vi

∂Y i

dY i

dθ
. (8)

Using equation (6), this may be rewritten to

dvi/dθ
λi

= −
J

∑
j=0

xij
dτ ij
dθ

+
dY i

dθ
. (9)

From the definition of virtual income, i.e. Y i (θ) ≡ yi + ∑J
j=0 τ

i
j (θ) x

i
j − T

(
xi0, ...,xiJ , θ

)
, we have

dY i

dθ
=

J

∑
j=0

dτ ij
dθ

xij −
∂T i

∂θ
. (10)

Inserting (10) into (9), we obtain
dvi/dθ
λi

= −∂T
i

∂θ
. (11)

Hence, the utility effect of any arbitrary, small reform equals the mechanical revenue effect. This

central result follows from envelope conditions (as embodied in equation (6)) and the assumption

of no other externalities than those operating through the government budget.

To move from individual welfare to social welfare, we specify a social welfare objective

W (θ) =
∫
i
ωivi (θ) di+ µ

∫
i
T i (θ) di, (12)

where ωi is a Pareto weight on individual i, and µ is the marginal value of government revenue

(or the average social marginal utility of income in the population). Differentiating W (θ) and

using equation (11), we obtain

dW/dθ
µ

=
∫
i

[
dT i

dθ
− gi∂T

i

∂θ

]
di =

∫
i


(
dT i

dθ
− ∂T i

∂θ

)
︸ ︷︷ ︸

efficiency

+
(
1− gi

) ∂T i
∂θ︸ ︷︷ ︸

equity

 di, (13)

9The same flexible specification of policy reform was used by Kleven and Kreiner (2002, 2006), Eissa, Kleven, and
Kreiner (2006, 2008), and Hendren (2016).
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where gi ≡ ωiλi

µ denotes the social welfare weight on individual i. The social welfare weights

are equal to 1 on average, and their variation in the population summarizes the government’s

preferences for equity.10 Equation (13) splits the total welfare effect into an efficiency effect (first

term on the right-hand side) and an equity effect (second term on the right-hand side), the latter

being governed by gi. Absent equity concerns (gi = 1 ∀i), the second term equals zero. The

sufficient statistics approach is about the measurement of efficiency, not equity. It is therefore

useful to highlight the result on efficiency as a proposition:

Proposition 1 (Fiscal Externality). The effect of any small tax reform on economic efficiency equals

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

[
dT i

dθ
− ∂T i

∂θ

]
di, (14)

namely the difference between the total and mechanical revenue effects, which corresponds to the behavioral

revenue effect (“the fiscal externality”).

The efficiency effect of any small reform of the tax-transfer system (within the class of piece-

wise linear systems) equals the fiscal externality from behavioral responses to the reform.11 The

intuition for this result is simple. Because agents are optimizing and there are no non-tax ex-

ternalities, behavioral responses to small reforms have no first-order effects on utility. The only

first-order effect comes from an externality that operates through the government budget: When

agents adjust behavior to avoid higher taxes, they create tax revenue leaks that impose a fiscal

externality on the rest of the population (the potential transfers they can receive are now lower).

We have cast the analysis in the language of taxation, but the underlying envelope theorem

logic extends to any form of public policy given the same general assumptions. The logic of

Proposition 1 underscores much of the normative public finance literature, including optimal

taxation (e.g. Diamond and Mirrlees 1971; Diamond 1998; Saez 2001), deadweight loss measure-

ment (e.g. Harberger 1964; Browning 1987; Feldstein 1999; Goulder and Williams 2003; Kleven

and Kreiner 2005; Eissa, Kleven, and Kreiner 2006, 2008), the marginal cost of public funds (e.g.

Browning 1976; Slemrod and Yitzhaki 1996, 2001; Kleven and Kreiner 2006), social insurance (e.g.

Baily 1978; Chetty 2006; Kolsrud, Landais, Nilsson, and Spinnewijn 2017), and the sufficient statis-

10Throughout the paper, we cast the analysis in the language of taxes/transfers and equity, but everything can be re-
stated in the language of social insurance and consumption smoothing. In that case, W (θ) would represent expected
utility over different states of the world i, and the weights gi capture the benefits from consumption smoothing across
good and bad states.

11See also Kleven and Kreiner (2005, 2006) and Eissa, Kleven, and Kreiner (2006, 2008) for detailed analyses of this
point.
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tics approach (Chetty 2009). While the theoretical property was always there behind the curtains,

the crystallization of the deep and general principle — including its implications for empirical

work — has emerged more clearly over the last couple of decades.

Leaving aside any potential concerns about the underlying assumptions, should we conclude

the theoretical analysis here and focus on the fiscal externality as the target for empirical work?

Hendren (2016) argues that we should, re-casting the fiscal externality in different language.

Specifically, using the tax function T
(
xi0, ...,xiJ , θ

)
, we can rewrite equation (14) as

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

 J

∑
j=0

τ ijx
i
j

d log
(
xij

)
dθ

 di, (15)

where
d log(xij)

dθ is labelled the “policy elasticity” by Hendren (2016). He argues that such policy

elasticities should be the object of interest for applied welfare analysis. To be precise, given we

do not estimate individual-level elasticities, the object of interest for empirical studies would be

εPj =
∫
i
τ ijx

i
j

d log(xij)
dθ di, i.e. the revenue-weighted average policy elasticity for each good j.

Two remarks on such an approach are worth making, a pedantic one and a substantive one.

First, the pedantic remark:

Remark 1 (Elasticities are Irrelevant for Assessing Actual Reform). When measuring the welfare

effect of an actual policy reform, it is unnecessary to estimate elasticities. Consider the policy treatments

θ0, θ1 where dθ = θ1 − θ0 ≈ 0, and assume random assignment to treatments. The welfare effect can be

estimated as

E
{
T
(
xi0 (θ1) , ...,xiJ (θ1) , θ1

)
|i ∈ θ1

}
− E

{
T
(
xi0 (θ0) , ...,xiJ (θ0) , θ1

)
|i ∈ θ1

}
= E

{
T
(
xi0 (θ1) , ...,xiJ (θ1) , θ1

)
|i ∈ θ1

}
− E

{
T
(
xi0 (θ0) , ...,xiJ (θ0) , θ1

)
|i ∈ θ0

}
. (16)

The assumption of random assignment is not important for the conceptual point (absent ran-

domization one would use a different estimator). Whatever the estimation approach, if the sole

objective is to measure the welfare effect of an actual reform experiment, it is unnecessary to esti-

mate elasticities or sufficient statistics. The outcome of interest is directly measurable. However,

evaluating actual reforms is almost never the sole objective of policy debate or academic dis-

course. Assessing policy reform is instead about comparing different counterfactual scenarios,

which leads to the second and substantive remark:
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Remark 2 (Policy Elasticities). Consider policy reforms R =
{
dτ i0
dθ , ..., dτ

i
J

dθ , ∂T i

∂θ

}
i∈I

. Because policy

elasticities are functions ofR, they can be used only to measure the welfare effect of an actually implemented

reform R′ (compared to the counterfactual of no reform). They cannot be used to assess the welfare effect of

any other counterfactual reform that could be implemented.

Under the policy elasticity approach to empirical research, economists would know only the

aggregate welfare effect of historical reforms. With this information alone, we would not be able

to provide any advice on future reforms, unless they exactly replicate or reverse historical re-

forms. The basic limitation of policy elasticities is that they are externally invalid by construction.

To assess policy design, we have to express the fiscal externality in terms of price and income

elasticities that are externally valid.

To derive a sufficient statistics formula based on (potentially) externally valid elasticities, we

go back to the fiscal externality expression in equation (14). Using the tax function T
(
xi0, ...,xiJ , θ

)
,

this can be rewritten as

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

J

∑
j=0

τ ij

[
J

∑
k=0

∂xij
∂ (1 + τ ik)

dτ ik
dθ

+
∂xij
∂Y i

dY i

dθ

]
di. (17)

Moreover, using dY i

dθ = ∑J
k=0

dτ ik
dθ x

i
k −

∂T i

∂θ , the Slutsky decomposition, and rearranging terms, we

may state the following:

Proposition 2 (Sufficient Statistics for Small Reforms). The effect of any small tax reform on eco-

nomic efficiency can be written as

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

J

∑
j=0

[
J

∑
k=0

τ ijx
i
jε
i
jk

dτ ik/dθ
1 + τ ik

− τ ijxijηij
∂T i/∂θ
Y i

]
di, (18)

where εijk ≡
∂x̃ij

∂(1+τ ik)
1+τ ik
x̃ij

is the Hicksian price elasticity of good j wrt. the price on good k, and ηij ≡
∂xij
∂Y i

Y i

xij
is the income elasticity of good j. Therefore, conditional on a set of observables (tax parameters,

expenditure and earnings levels), the sufficient statistics for evaluating reform are
{
εijk, ηij

}
∀j,k,i

.

This formula is completely general given the assumptions of small reforms and no non-policy im-

perfections. It is a general equilibrium result as it accounts for distortions in all markets and allows

for any possible cross-effects between markets. We take prices as given in the derivation, but in-

corporating price changes (tax incidence) would not change the formula. Under the assumption
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of perfect competition, general equilibrium price changes redistribute across agents, but do not

impact economic efficiency.

There is a problem, however. Because the goods vector in general includes different types of

consumption and labor supply over time (i.e., j captures both goods type and time), the parame-

ter space is in general very large. The sufficient statistics approach is therefore infeasible without

more structure. To make progress, we have to reduce the dimensionality of the problem by either

(i) restricting the tax policy space or (ii) restricting behavioral responses. Most sufficient statistics

approaches do both, although this is often left implicit. By starting from a general formulation,

we are able to see exactly how different sets of assumptions lead to simple sufficient statistics

expressions. We consider this in the next section.

3.1 Many Roads Lead To Harberger

To begin with, consider the baseline model presented in Chetty (2009). Three assumptions are

made there: (i) utility is quasi-linear, (ii) only one good is taxed, and (iii) the tax is linear. The first

assumption implies ηij = 0 ∀j, i. Assuming that good 0 is the taxed good, equation (18) simplifies

to
dW/dθ

µ

∣∣∣∣
gi=1

= ε̄0 ·
τ0

1 + τ0
· dτ0
dθ

, (19)

where ε̄0 ≡
∫
i

[
xi0ε

i
00
]
di is the demand-weighted average Hicksian elasticity in the population.

This is a Harberger-style formula for the marginal deadweight loss of taxation in which ε̄0 is

the sufficient statistic for welfare analysis.12 The sense in which ε̄0 is “sufficient” is of course

conditional on the underlying assumptions. But it is possible to consider alternative restrictions

on tax policy space or preferences that give rise to a similar formula.

Keeping the assumption of quasi-linearity, we can relax the assumption that only one good

is taxed. Assume that goods 0, ...,J0 are taxed at rate τ0, while goods J0 + 1, ...,J are taxed at

rate τ1. We may then normalize τ1 to zero (and adjust τ0 accordingly) without loss of generality.

In this case we obtain the Harberger formula (19) once more, except that we have to redefine

the elasticity as ε̄0 ≡
∫
i

[
∑J0
j=0 ∑J0

k=0 x
i
jε
i
jk

]
di. This is a demand-weighted elasticity across goods

0, ...,J0 (instead of only good 0) with respect to the tax rate τ0 on all those goods (instead of only

on good 0). Again, a single elasticity is sufficient for welfare analysis, but the elasticity is different

12Unlike Harberger-triangle approximations, equation (19) is an exact formula that holds for any tax rate τ0 and any
functional form for preferences (given quasi-linearity). Traditional Harberger-triangle formulas assume either that
taxes are small or that demand functions are linear.
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than before.

We have described two cases: one where only good 0 is taxed, and one where goods 0, ...,J0

are taxed at a uniform rate while goods J0 + 1, ...,J are taxed at another uniform rate. To see the

practical difference between these two cases, consider the taxation of labor income. The first case

may be interpreted as a static model in which good 0 is labor supply and goods 1, ...,J are differ-

ent consumption goods. The second case may be interpreted as a dynamic model in which goods

0, ...,J0 are labor supplies in different periods (taxed at a constant rate over time), while goods

J0 + 1, ...,J are consumption in different periods (taxed at a constant rate over time).13 These two

models give rise to the same Harberger formula by reinterpreting the static earnings-weighted

labor supply elasticity to a lifetime earnings-weighted labor supply elasticity with respect to a

permanent tax.

Alternatively, the second case may be interpreted as capturing multi-dimensional labor sup-

ply choices (hours worked, effort, occupation, training, etc.), which jointly determine labor earn-

ings taxed at rate τ0. In this case, the sufficient statistic ε̄0 ≡
∫
i

[
∑J0
j=0 ∑J0

k=0 x
i
jε
i
jk

]
di is the elas-

ticity of total labor income governed by all the underlying margins of behavior, or the elasticity of

taxable income in the language of Feldstein (1995, 1999). If we allow for dynamics, this is the life-

time elasticity of taxable income with respect to a permanent income tax. This result generalizes

Feldstein’s analysis.14

There are other ways of obtaining the simple sufficient statistics formula in (19). If we assume

both quasi-linearity (ηij = 0) and no cross-effects (εijk = 0 for j 6= k), then the result is obtained

when only one tax is changing (and this tax is linear). In other words, by adding the assumption

of no cross-effects, we can relax the assumption that only one good is taxed to an assumption that

only one tax is changing in the reform.

By making a stronger assumption on the tax system, it is possible to obtain a simple Harberger-

style formula without quasi-linear preferences. Specifically, under a linear proportional tax system

(no lump-sum taxes or transfers), we have T i = ∑J
k=0 τk (θ) x

i
k and therefore ∂T i

∂θ = ∑J
k=0

dτk
dθ x

i
k.

Inserting this into (18) and using (7), we obtain a welfare formula that depends only on price

elasticity terms, but where those price elasticities are Marshallian rather than Hicksian. Assum-

13The assumption of uniform consumption taxation rules out capital taxes.
14The reason why we can express efficiency in terms of a single sufficient statistic even in the presence of cross-effects

(such as shifting responses) is that all margins of behavior are taxed either at the rate τ0 or not at all. With cross-effects
(shifting) between bases that are taxed at different non-zero rates, we need to estimate more parameters. Equation (18)
provides the general formula. Saez (2004), Saez, Slemrod, and Giertz (2012), and Piketty, Saez, and Stantcheva (2014)
consider an example with two bases taxed at different (non-zero) rates and shifting between the two.
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ing that goods 0, ...,J0 are taxed at rate τ0 while the rest of the goods are untaxed, we obtain the

Harberger-style formula (19) with ε̄0 being a Marshallian elasticity.

The fundamental challenge we face is that a general sufficient statistics approach (one based

on equation (18)) would rely on too many parameters to be feasible. Actual sufficient statistics

approaches simplify the parameter space — often to just one parameter — by making high-level

assumptions about preferences and tax policy. The alternative is to simplify the parameter space

by assuming an explicit parametric form for u (.), i.e. to take a “structural approach.”

It is useful to contrast the sufficient statistics and structural approaches in a specific example.

Consider the case where the goods vector includes labor supplies and consumption in different

periods, i.e. u = u (l0, ..., lT ; c0, ..., cT ). Assuming that lt and ct are taxed at constant rates over

time, we can express the welfare effect of tax reform as equation (19) where the sufficient statistic

is the lifetime earnings-weighted labor supply elasticity. The assumption of a constant tax rate on

consumption rules out capital taxes. Alternatively, we may assume that u (.) has a tractable form.

We might consider, say, a nested CES function u (f (c0, l0) , ..., f (cT , lT )) with three parameters:

an intratemporal elasticity of substitution between consumption and labor σ1, an intertemporal

elasticity of substitution σ2, and a discount factor δ. These three parameters (along with prices)

control all the sufficient statistics in equation (18). We no longer have to make restrictions on tax

policy space, but can be more general in this dimension. This includes allowing for capital taxes.

Besides the differences in assumptions, a crucial difference between these two approaches lies

in the data requirements. The sufficient statistics approach calls for the estimation of a lifetime

earnings-weighted labor supply elasticity. It is challenging to find the tax variation and data

allowing for the estimation of this long-run parameter. By making parametric assumptions, the

structural approach allows for the estimation of welfare effects using shorter-run variation in the

data. As long as the tax variation is rich enough to separately identify the structural primitives

(σ1, σ2, δ), the model can generate the full lifecycle effects necessary to calculate welfare. Of

course, these calculations are meaningful only if the parametric assumptions are correct.

The preceding discussion highlights that the key trade-off when choosing methodology is be-

tween data requirements and parametric assumptions. How to strike this trade-off depends on

the question and setting. It is worth mentioning that, in practice, a common difference between

the sufficient statistics and structural approaches is that the former is based on exogenous (e.g.

quasi-experimental) variation, while the latter is based on observational and potentially endoge-

nous variation. However, this divide is largely independent of the deeper conceptual trade-offs

12



discussed here; it reflects cultural differences across research strands. The structural approach

could (and should) target quasi-experimental moments.15

3.2 Tax-Base Changing Reforms

A key feature of many tax reforms is that they change both tax rates and tax bases. The framework

is sufficiently general to analyze tax base changes. For example, base broadening corresponds to

introducing a positive tax rate on some good k that was initially taxed at rate zero, i.e. dτk
dθ > 0

where τk = 0 initially. Typically, the newly introduced good is taxed at the same rate as a set of

other goods already in the tax base, i.e. dτk
dθ = τk′ where k′ is a good already in the tax base. If

the initial tax base is taxed at a large rate, τk′ >> 0, then a base broadening reform is necessarily

a large reform. Therefore, the small-reform assumption made thus far is more tenuous when

considering tax base changing reforms, and so the generalization to large reforms in the next

section is important. Nevertheless, it is possible to achieve a number of key insights on base

broadening within the small-reform framework as we now show.

To simplify, we focus on situations where preferences are quasi-linear and taxes are linear. We

start by considering a case where only good 0 is taxed initially, and where the reform changes the

tax rate on good 0 and brings good 1 into the tax base. In this case, the general welfare formula

(18) simplifies to
dW/dθ

µ

∣∣∣∣
gi=1

= ε̄0 ·
τ0

1 + τ0
· dτ0
dθ

+ ε̄01 ·
τ0

1 + τ1
· dτ1
dθ

, (20)

where ε̄0 ≡
∫
i

[
xi0ε

i
00
]
di and ε̄01 ≡

∫
i

[
xi0ε

i
01
]
di. If the initial good in the tax base and the newly

introduced good are substitutes (complements), then ε̄0 and ε̄01 have the opposite (same) signs.

According to conventional wisdom in public finance, it is better to collect a given amount of

revenue by taxing broad base at a low rate than by taxing a narrow base at a high rate. The result

in equation (20) formalizes the condition under which this “folk theorem” is true. To see this, con-

sider a reform that lowers the tax rate on the existing base (dτ0
dθ < 0) and at the same time broadens

the base (dτ1
dθ > 0). The own-price elasticity ε̄0 is negative, while the cross-price elasticity ε̄01 is

positive (negative) if the two goods are substitutes (complements). In the case of substitutabil-

ity, both terms of equation (20) are positive and the base-broadening reform necessarily increases

efficiency. In the case of complementarity, we have offsetting effects on efficiency.16 Therefore,

15For example, Jakobsen, Jakobsen, Kleven, and Zucman (2018) develops a structural, quasi-experimental approach
for studying the long-run effects of wealth taxes, an area where a sufficient statistics approach is not feasible in practice.

16In this case, the net effect on efficiency depends, besides the strength of complementarity ε̄01, on the magnitude
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we are able to re-state the conventional wisdom in a precise and intuitive fashion: it is always

efficient to broaden the tax base and lowering the tax rate if the existing and new elements of the

tax base are substitutes, but not necessarily if they are complements. This is related to the classic

logic of Corlett and Hague (1953-1954).17

To see this point more starkly, assume for simplicity that goods 0 and 1 are the only goods in

the economy. In this case, homogeneity of degree zero of compensated demands implies ε̄01 =

−ε̄0 (using Euler’s Theorem). Hence, equation (20) can be rewritten as

dW/dθ
µ

∣∣∣∣
gi=1

= ε̄0 ·
{

τ0
1 + τ0

· dτ0
dθ
− τ0

1 + τ1
· dτ1
dθ

}
. (21)

We arrive once more at a welfare formula written in just one sufficient statistic, ε̄0, but the tax

rate term (in curly brackets) with which we multiply that elasticity is very different. Because both

the elasticity and the tax rate term are negative, the base broadening reform always increases

efficiency.

Another way of looking at the importance of tax bases is to compare the welfare effect of tax

rate increases under a narrow base and under a broad base, respectively. If only good 0 is taxed

(narrow base), then the welfare effect is given by the Harberger formula (19). If both goods 0 and

1 are taxed at rate τ (broad base), then the welfare effect (18) can be written as

dW/dθ
µ

∣∣∣∣
gi=1

= [ε̄0 + 2 · ε̄01 + ε̄1] ·
τ

1 + τ
· dτ
dθ

, (22)

where we use that xi0ε
i
01 = xi1ε

i
10 due to Slutsky symmetry and the fact that the two goods are

taxed at the same rate τ .

Comparing the narrow-base formula (19) to the broad-base formula (22), we see that there are

two key differences. First, the tax rate is lower under the broad base for a given revenue require-

ment (conditional on being below the Laffer point). This makes the efficiency cost of tax increases

smaller under the broad base. Second, the elasticity term is different under the broad base. The

broad-base elasticity ε̄0 + 2 · ε̄01 + ε̄1 is smaller or larger than the narrow-base elasticity ε̄0 depend-

of tax rate changes dτ0
dθ , dτ1

dθ . If the reform is revenue neutral, the latter depends on the budgets shares of the different
goods.

17While our example was phrased in terms of goods (demands), the result applies equally to incomes (supplies).
For example, if the goods are two different labor income components l0 and l1, we have x0 = −l0 and τ0 = −τl0
and similarly for good 1. The own-wage elasticity ε̄0 is negative (because good zero is minus labor supply) and the
cross-wage elasticity ε̄01 is positive if the two labor components are substitutes. Accounting for these signs, a similar
reasoning applies to base broadening in income taxation.
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ing on the extra components included in the base. The broad-base elasticity may be smaller (in

absolute value) when substitutes are included in the base (in which case ε̄01 has the opposite sign

of ε̄0, ε̄1).18 On the other hand, the broad-base elasticity is larger when complements are included.

Again, this connects the effects of base broadening with classic Corlett-Hague reasoning.

3.3 An Optimal Tax Trick

Technically, it is just a small step from the tax reform formulas presented above to optimal taxa-

tion. A necessary condition for an optimal tax system is that there exists no small reform that can

increase welfare.19 Therefore, we must have dW
dθ = 0 for any θ. From equation (13), this implies

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

(
gi − 1

) ∂T i
∂θ

di, (23)

where the left-hand side is the efficiency effect and the right-hand side is the equity effect. For

example, in the special case underlying the Harberger-style result (19), we can rewrite this to

τ0
1 + τ0

=

∫
i

(
gi − 1

)
xi0di

ε̄0
, (24)

where the numerator corresponds to the covariance between social welfare weights gi and de-

mand for the taxed good xi0.20 If there are several goods taxed at rate τ0, then xi0 is replaced by

the total demand for the taxed goods. This formula is a classic inverse elasticity rule trading off

efficiency losses (denominator) against equity gains (numerator).

Results such as (24) make it tempting to say — and many papers do — that ε̄0 is a sufficient

statistic for optimal taxation. However, this is a “trick”, because the fact that we are considering

the optimal tax system changes the game. The condition holds at the optimum, and therefore ε̄0

is the elasticity at the optimal point. A priori this can be any point. Therefore, while it is formally

correct that ε̄0 at the optimal point is a sufficient statistic, knowing this statistic requires global

knowledge of demand functions. This implies a fully structural approach rather than a sufficient

18For example, if goods 0 and 1 are the only two goods in the economy, they are necessarily substitutes. In this
case, we have ε̄01 = ε̄10 = −ε̄1 (using Slutsky symmetry, identical tax rates, and homogeneity of degree zero of
compensated demands). This gives a broad-base elasticity equal to ε̄0 − ε̄1, which is smaller in absolute value than the
narrow-base elasticity.

19See Saez (2001) and Piketty and Saez (2013) for detailed expositions of the tax reform approach to deriving optimal
tax rates.

20To see this, recall that the social welfare weights average to 1 in the population (E
[
gi
]
= 1), implying that the

numerator corresponds to E
[
gixi0

]
− E

[
gi
]
E
[
xi0

]
.
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statistic approach.21 Many optimal tax papers assume iso-elastic preferences, which is a specific

parametric form. Despite this limitation, it remains useful to express optimal tax rules in terms

of elasticities, because of the intuition this provides and because iso-elastic preferences may be a

natural benchmark.

4 Welfare Effect of Large Reforms

The sufficient statistic approach is exact only for infinitessimal reforms, but real-world reforms

are never infinitessimal. If they were, we would not be very interested in them. How small

do reforms have to be for the sufficient statistic approach to be informative? Can we formulate

a sufficient statistic approach for larger reforms? These are important questions, because the

alternative to assessing large reforms — a fully structural approach — is less transparent and

relies on potentially strong parametric assumptions.

When reforms are large, the existing sufficient statistic approach corresponds to a first-order

Taylor approximation of social welfare. Therefore, a natural way to improve the welfare analysis

of large reforms would be to consider higher-order Taylor approximations. While we consider

such Taylor approximations later, we start by developing another approach to the welfare analysis

of large reforms.

As before, we specify the high-dimensional policy space in terms of a treatment parameter θ,

i.e. we write the tax function as T i = T
(
xi0, ...,xiJ , θ

)
and the marginal tax rates as τ ij (θ) for all i, j.

Specifically, by defining the marginal tax rates as τ ij + θ∆τ ij where ∆τ ij is the reform-induced tax

rate change, the pre-reform policy corresponds to θ0 = 0 and the post-reform policy corresponds

to θ1 = 1. The tax rate changes ∆τ ij may be large.

We start from the observation that the discrete welfare change between θ0 = 0 and θ1 = 1 can

be written as the integral of the marginal welfare changes between those two points, i.e.

∆W = W (1)−W (0) =
∫ 1

0

dW

dθ
dθ. (25)

Because we have previously characterized the marginal welfare changes under very general con-

21Motivated by these challenges, Kleven (2004) develops a different approach to optimal taxation in which the
optimal policy can be expressed in terms of potentially observable proxies for the (hard-to-estimate) price elastici-
ties. Based on Gary Becker’s theory of the allocation of time, these proxies are factor shares in household produc-
tion/consumption activities. One might be tempted to call this a “sufficient statistics for the sufficient statistics”
approach. At the same time, it is a more structural approach as it relies on the Becker household production model.
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ditions (in Propositions 1-2), we are able to provide an (almost) exact formula for the welfare

effect of large reforms in terms of elasticities. Focusing on the pure efficiency effect, we have

Proposition 3 (Sufficient Statistics for Large Reforms: Almost Exact). The efficiency effect of a

discrete reform from regime θ0 = 0 to regime θ1 = 1 can be written as

∆W
µ0

∣∣∣∣
gi=1

=
∫ 1

0

dW/dθ
µ0

∣∣∣∣
gi=1

dθ, (26)

where µ0 = µ (0) is the marginal value of government revenue at the initial policy θ0 = 0, and where

dW/dθ
µ0

∣∣∣∣
gi=1

≈
∫
i

J

∑
j=0

[
J

∑
k=0

(
τ ij + θ∆τ ij

)
xij (θ) ε

i
jk (θ)

∆τ ik
1 + τ ik + θ∆τ ik

−
(
τ ij + θ∆τ ij

)
xij (θ) η

i
j (θ)

∂T i/∂θ
Y i (θ)

]
di. (27)

The elasticities εijk, ηij and demands xij are measured at regime θ ∈ (0, 1). Equation (27) is an approxima-

tion only because it assumes µ0 ≈ µ (θ) between θ0 = 0 and θ1 = 1.

This proposition provides an (almost) exact formula for the welfare effect of large reforms as

a function of elasticities. The formula is too general to be useful for policy evaluation, but it does

highlight the dimensions in which the standard sufficient statistics approach may get it wrong.

The standard approach measures the fiscal externality based on the initial tax wedge interacted

with the initial elasticity, while the exact formula depends on the path of wedges and elasticities

between θ0 = 0 and θ1 = 1. Therefore, the potential sources of error come from changing wedges

and changing elasticities over the reform path.

To obtain additional insight, we simplify the analysis in two dimensions. First, instead of

considering the exact integral of marginal welfare effects in equation (26), we consider a trapezoid

approximation of this integral. We have

∆W ≈ 1
2

{
dW (0)
dθ

+
dW (1)
dθ

}
. (28)

Compared to the standard sufficient statistics approach (which assumes that the marginal wel-

fare effect dW/dθ is constant over the reform path), the trapezoid approximation in (28) allows

dW/dθ to change, but in a linear fashion. The error made by this approximation depends on the

degree of convexity or concavity of the marginal welfare effect.
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Second, we simplify the analysis by imposing more structure on preferences and tax policy.

Consider the special case underlying the standard sufficient statistics formula (19) for small re-

forms. This special case assumes quasi-linear utility and a single tax rate τ0 on taxed goods. In

this case, we have

∆W
µ0

∣∣∣∣
gi=1

≈ 1
2

{
ε̄0 (0) ·

τ0
1 + τ0

· ∆τ0 + ε̄0 (1) ·
τ0 + ∆τ0

1 + τ0 + ∆τ0
· ∆τ0

}
. (29)

This allows us to state the following:

Proposition 4 (Sufficient Statistics for Large Reforms: Trapezoid). Assume quasi-linear utility and

a single tax rate τ0 on taxed goods. In this case, the trapezoid approximation of the efficiency effect of large

reforms can be written as

∆W
µ0

∣∣∣∣
gi=1

≈ ε̄0 ·
τ0

1 + τ0
· ∆τ0

+
1
2

{
ε̄0 · ∆

[
τ0

1 + τ0

]
+ ∆ε̄0 ·

τ0
1 + τ0

+ ∆ε̄0 · ∆
[

τ0
1 + τ0

]}
· ∆τ0, (30)

where ε̄0 = ε̄0 (0) is the elasticity at the initial policy and ∆ε̄0 = ε̄0 (1)− ε̄0 (0) is the elasticity change

due to the policy. The first term on the right-hand side is the standard small-reform formula (19), while the

second term is the large-reform adjustment. Conditional on the observable tax parameters, the sufficient

statistics for welfare are the elasticity level ε̄0 and the elasticity change ∆ε̄0.

The welfare effect can be written as the standard first-order effect plus an adjustment term. The

adjustment term reflects the two errors made by the first-order approach: the error coming from

the change in the tax wedge over the reform path and the error coming from the potential change

in the elasticity. The correction for these errors has three elements: the change in the tax wedge in-

teracted with the initial elasticity, the change in the elasticity interacted with the initial tax wedge,

and the change in the elasticity interacted with the change in the wedge. It seems reasonable to

assume that, for most reforms, the last element (the two changes interacted) is small.22

Proposition 4 shows that two parameters provide sufficient statistics for evaluating large re-

forms: the elasticity level ε̄0 and the elasticity change ∆ε̄0. All other parameters in the formula are

22Proposition 4 clarifies the conditions under which the standard first-order approach to evaluating large reforms
is precise. Equation (30) shows that, all else being equal, the first-order approach will be relatively precise when the
initial elasticity ε̄0 is small and when the initial wedge τ0

1+τ0
is small. In environments with small elasticities and

small wedges, we may be comfortable using the first-order approach to assess even very large reforms. Conversely,
in settings where initial wedges are large and agents tend to be very elastic, the first-order approach may be very
imprecise.
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directly observed. While the result is conceptually simple, the empirical challenge is that estimat-

ing elasticity changes due to policy reforms is not an easy task. Given the difficulties of reaching

a consensus on elasticity levels in many settings, how can we hope to reach a consensus elastic-

ity changes? Given the current state of empirical knowledge, we have to impose more structure

on the problem in order to assess the welfare impact of large reforms. This implies making a

parametric assumption that restricts ∆ε̄0.

In fully parametric approaches that starts from a specific functional form for utility, there is a

set of primitives that determine both ε̄0 and ∆ε̄0. The simplest approach is to assume iso-elastic

utility, in which case we have ∆ε̄0 = 0. Under this assumption, we obtain

Proposition 5 (Sufficient Statistics for Large Reforms: Iso-Elastic). Assume quasi-linear, iso-elastic

utility and a single tax rate τ0 on taxed goods. In this case, the trapezoid approximation of the efficiency

effect of large reforms can be written as

∆W
µ

∣∣∣∣
gi=1

≈ ε̄0 ·
{

τ0
1 + τ0

+
1
2∆
[

τ0
1 + τ0

]}
· ∆τ0, (31)

a standard Harberger-style formula using a modified tax wedge, τ0
1+τ0

+ 1
2 ∆
[

τ0
1+τ0

]
.

This characterization retains the simple Harberger-style structure, but using an adjusted wedge

that accounts for the discreteness of the reform. How big are the quantitative implications of this

generalization? As an example, consider a commodity tax of 10% that is increased to 30%. In this

case, the initial wedge equals τ0
1+τ0

= 0.09 while the adjusted wedge equals τ0
1+τ0

+ 1
2 ∆
[

τ0
1+τ0

]
=

0.16. The adjusted wedge is almost 80% larger, and so the estimated welfare cost will be almost

80% larger too. As another example, consider a labor income tax of 50% that is reduced to 30%.

When considering the taxation of supplies, a positive tax rate corresponds to a negative value of

τ0. Denoting the labor income tax by τl, we have τ0 = −τl. In this case, the initial wedge is given

by τl
1−τl = 1, while the adjusted wedge is given by τl

1−τl +
1
2 ∆
[

τl
1−τl

]
= 0.71. The adjusted wedge

is about 30% smaller, and so the estimated welfare gain will be 30% smaller. To conclude, the

standard first-order approach understates the welfare costs of tax increases and overstates the wel-

fare gain of tax reductions. As demonstrated by the numerical examples, the errors can be quite

large for large reforms.23

23The numerical examples provided here are not unrealistic. For example, the labor income tax cut corresponds
roughly to the tax changes for high-income earners in the Tax Reform Act of 1986 in the US. When analyzing such
reforms, if we want precise welfare calculations, we have to modify the sufficient statistic formula to account for the
changing wedge along the reform path.
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As an alternative to these trapezoid approximations, we may consider higher-order Taylor

approximations. Specifically, we now develop a second-order Taylor approximation, showing

that this gives similar results as the trapezoid approximation. Around the initial policy θ0 = 0,

the second-order Taylor approximation of social welfare is given by

W (θ) ≈W (0) + dW (0)
dθ

θ+
1
2
d2W (0)
dθ2 θ2. (32)

Focusing on efficiency (gi = 1 ∀i), the welfare effect of reform, ∆W = W (1)−W (0), is approxi-

mately equal to
∆W
µ0

∣∣∣∣
gi=1

≈ dW (0) /dθ
µ0

∣∣∣∣
gi=1

+
1
2
d2W (0) /dθ2

µ0

∣∣∣∣
gi=1

. (33)

To compare the Taylor and trapezoid approaches, let us again consider the special case underlying

the standard sufficient statistics formula (19). In this case, we have

dW (0) /dθ
µ0

∣∣∣∣
gi=1

= ε̄0 ·
τ0

1 + τ0
· ∆τ0, (34)

and
d2W (0) /dθ2

µ0

∣∣∣∣
gi=1

=
dε̄0
dθ
· τ0

1 + τ0
· ∆τ0 + ε̄0 ·

∆τ0

(1 + τ0)
2 · ∆τ0. (35)

Therefore, we have

Proposition 6 (Sufficient Statistics for Large Reforms: 2nd-Order Taylor). Assume quasi-linear

utility and a single tax rate τ0 on taxed goods. In this case, the second-order Taylor approximation of the

efficiency effect of large reforms can be written as

∆W
µ0

∣∣∣∣
gi=1

≈ ε̄0 ·
τ0

1 + τ0
· ∆τ0 +

1
2

{
ε̄0 ·

∆τ0

(1 + τ0)
2 + ∆ε̄0 ·

τ0
1 + τ0

}
· ∆τ0, (36)

where ∆ε̄0 ≈ dε̄0
dθ is the elasticity change due to the reform.

As in Proposition 4, the welfare effect can be written as the standard first-order effect plus an

adjustment term capturing the discreteness of the reform. The adjustment term under the second-

order Taylor approximation is slightly different than under the trapezoid approximation, because

the Taylor expansion starts from the initial policy θ0 = 0 instead of combining the initial and the

new policies. Rather than using the exact change in the wedge ∆
[

τ0
1+τ0

]
, equation (36) uses the

approximation ∆τ0
(1+τ0)

2 . Moreover, the Taylor approximation does not include the changes in the
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elasticity and wedge interacted. These differences may make the Taylor expansion less precise.

We have considered welfare formulas for large reforms using trapezoid and second-order

Taylor approximations. The two approaches yield roughly similar results. This is natural given

that the Taylor approximation assumes that welfare is a second-order polynomium, while the

trapezoid approximation assumes the derivative of welfare is linear. It would be possible to in-

crease the precision of these approximations by considering higher-order Taylor expansions or

by applying the trapezoid rule to a finer partitioning of the integration interval. However, this

would be empirically pointless as the required moments would be too difficult to estimate. If we

are concerned by higher-order effects, it is more natural to go fully structural.

In fact, the relatively simple approaches developed here may already be beyond our empirical

reach. There are different views one could take on the approaches developed in this section.

One view is that, when considering large reforms (which we almost always do), the analysis has

clarified the sufficient statistics that need to be estimated. The elasticity is not enough, we need

reform-induced elasticity changes as well. Another view is that elasticity changes are impossible

to estimate persuasively, so we have to assume that compensated elasticities are constant over

large ranges. In this case, we have seen that the sufficient statistics approach corresponds to the

case of iso-elastic and quasi-linear utility, which is a particular parametric form. In this sense, the

sufficient statistics approach is a structural approach.

5 Welfare Effect with Non-Government Distortions

The sufficient statistics literature assumes that government policy is the only source of economic

inefficiency. That is, the imposition of taxes or transfers is the only reason for a wedge between

private and social incentives, and therefore the welfare effect can be summarized by the fiscal

externality. The assumption that the fiscal externality is the only externality is often unrealistic

and we will now relax this. It is possible to provide elegant sufficient statistics results in the pres-

ence of non-government externalities or internalities, but the estimation requirements increase

considerably.

We specify utility as follows

ui
(
xi0, ...,xiJ ;Ei0, ...,EiJ

)
, (37)
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where Eij is the externality on individual i due to the consumption of good j, which we write as

Eij =
∫
ı̂
φiı̂j x

ı̂
jdı̂. (38)

The formulation in (37)-(38) is very general. The weight parameter φiı̂j captures the externality

that individual ı̂ imposes on individual i when consuming good j. A few special cases are worth

highlighting. First, if φiı̂j = 1 for all i, ı̂, then we have an atmospheric externality. These are external-

ities that depend simply on the aggregate consumption of good j; they do not depend on who is

generating the externality or who is experiencing it. Examples include the effect of consumption

on air pollution, or the effect of consumption on a social norm defined by average consumption

in the population. Second, if φiı̂j = 0 for i 6= ı̂ and φiı̂j = 1 for i = ı̂, then we have Eij = xij .

In this case, the externality on individual i is created solely by her own consumption. In other

words, there is an internality or a gap between decision utility (which takes Eij for given) and

experienced utility (which is affected by Eij). Third, if φiij = 1 and φiı̂j = −1 for i 6= ı̂, then the

externality depends on the consumption of individual i relative to the consumption of everybody

else as in the case of social status or rat race externalities. Our general formulation captures these

and many other cases.24

Individuals maximize (37) subject to (3) with respect to xi0, ...,xiJ taking the external effects

Ei0, ...,EiJ as given. This problem is identical to the one considered in the baseline model and the

properties are therefore the same. Uncompensated demand and supply functions can be written

as xij = xij
(
1 + τ i0, ..., 1 + τ iJ ,Y i;Ei0, ...,EiJ

)
and indirect utility equals vi

(
1 + τ i0, ..., 1 + τ iJ ,Y i;Ei0, ...,EiJ

)
.

Using envelope conditions, we have ∂vi/∂Y i = λi and ∂vi/∂
(
1 + τ ik

)
= −λixik.

As before, we specify policy variables as functions of the treatment parameter θ. Because the

externalities are not fixed from the perspective of the policy maker, we have Eij = Eij (θ) when

assessing the welfare effect of policy reform. The money-metric effect on utility of any small

reform is given by
dvi/dθ
λi

= −∂T
i

∂θ
+

J

∑
j=0

∂vi/∂Eij
λi

dEij
dθ

. (39)

The first term is the mechanical revenue effect (as in equation (11)), while the second term is the

money-metric externality effect.

Social welfareW (θ) is given in equation (12) and the welfare effect of reform can be expressed

24For example, the framework also encompasses the type of wage bargaining externalities modelled by Piketty, Saez,
and Stantcheva (2014).
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as in equation (13). Inserting (39) into (13), we obtain

Proposition 7 (Fiscal Externality and Non-Policy Externalities). In the presence of non-policy ex-

ternalities specified as in equations (37)-(38), the effect of any small tax reform on economic efficiency

equals
dW/dθ

µ

∣∣∣∣
gi=1

=
∫
i

[
dT i

dθ
− ∂T i

∂θ
+

J

∑
j=0

∂vi/∂Eij
λi

dEij
dθ

]
di, (40)

where the first term is the fiscal externality (as in Proposition 1) and the second term is the non-policy

externality.

The efficiency effect of any small reform equals the sum of the fiscal externality and any non-

policy externality. The additivity between tax distortions and non-tax externalities echoes early

insights from optimal tax theory (see Sandmo 1975 for the case of atmospheric externalities), but

here we allow for a more general formulation of externalities. The additivity property implies

that the fiscal externality is always an efficiency loss, all else being equal, independently of any

other positive or negative externalities that may be present.

The additivity result in equation (40) is general and important, but ultimately not directly

operational for policy assessment. In order to provide formulas that are more informative for

policy reform design, we have to make stronger assumptions. We make two assumptions. First,

we assume that the demands and supplies are independent of the external effects, i.e. xij =

xij
(
1 + τ i0, ..., 1 + τ iJ ,Y i

)
. This corresponds to a separability assumption in utility (37). As an

example, while we account for the fact that car transportation creates externalities through air

pollution, we assume that the overall level of air pollution does not affect the individual incentive

to drive. This is not a weak assumption, but it greatly simplifies the theoretical results and reduces

the estimation requirements. If demand is allowed to depend on the externalities (which are

themselves functions of demand), then policy reform generally affects the demand for good j by

individual i through the tax and virtual income changes of every individual in the population. It

will be very hard to estimate the required sufficient statistics in this case.

Second, we put restrictions on the structure of externalities. In particular, we assume that

φiı̂j = φiIj · 1 (ı̂ = i) + φiEj
, where φiIj is an internality (an effect of individual i on herself) and

φiEj
is an externality (an effect of everybody on individual i). This structure is quite flexible. Dif-

ferent combinations of φiIj and φiEj
encompass all of the examples provided earlier (atmospheric

externalities, relative consumption externalities, and internalities).
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With these two assumptions, we are able to rewrite equation (40) to a form that is more useful

for policy design. Using the tax function T
(
xi0, ...,xiJ , θ

)
and the externality function (38), we

have
dW/dθ

µ

∣∣∣∣
gi=1

=
∫
i

J

∑
j=0

[
τ ij
dxij
dθ

+
∂vi/∂Eij

λi

∫
ı̂
φiı̂j
dxı̂j
dθ

dı̂

]
di.

Using φiı̂j = φiIj · 1 (ı̂ = i) + φiEj
, this can be rewritten as

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

J

∑
j=0

[(
τ ij + τ iIj + τEj

) dxij
dθ

]
di. (41)

Here τ iIj ≡
∂vi/∂Ei

j

λi
· φiIj is a “tax wedge” that captures the internality from good j on individual

i (the uninternalized, money-metric utility effect of consuming an extra unit of good j by indi-

vidual i), while τEj ≡
∫
i

∂vi/∂Ei
j

λi
· φiEj

di is a “tax wedge” that captures the externality from good

j (the average uninternalized, money-metric utility effect of consuming an extra unit of good j

across all individuals). From before we have

dxij
dθ

=
J

∑
k=0

xijε
i
jk

dτ ik/dθ
1 + τ ik

− xijηij
∂T i/∂θ
Y i

,

which allows us to state the following:

Proposition 8 (Sufficient Statistics with Non-Policy Externalities). In the presence of non-policy

externalities specified as in equations (37)-(38), the effect of any small tax reform on economic efficiency

can be written as

dW/dθ
µ

∣∣∣∣
gi=1

=
∫
i

[
J

∑
j=0

J

∑
k=0

τ̂ ijx
i
jε
i
jk

dτ ik/dθ
1 + τ ik

−
J

∑
j=0

τ̂ ijx
i
jη
i
j

∂T i/∂θ
Y i

]
di, (42)

where τ̂ ij ≡ τ ij + τ iIj + τEj is the total wedge on good j for individual i. Therefore, conditional on a set of

observables (tax parameters, expenditure and earnings levels), the sufficient statistics for evaluating reform

are
{
τ̂ ij , εijk, ηij

}
∀j,k,i

.

This generalizes our previous expression (18) to allow for a wide range of non-government

distortions. The set of estimable sufficient statistics includes both elasticities and externality-

adjusted wedges.

As before, we can simplify the welfare formula to a Harberger-style formula that depend on

just one elasticity, but the assumptions required are stronger now. This is because assumptions
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on the structure of the “tax system” amounts to assumptions on the structure of both tax and

non-tax distortions in this more general model. For example, if we assume that (i) utility is quasi-

linear (ηij = 0 ∀j, i), (ii) only good 0 is distorted (τ̂ ij = 0 for j ≥ 1), and (iii) both the tax and

non-tax distortions of good 0 are homogeneous across individuals (τ i0 = τ0 and τ̂ i0 = τ̂0), then the

efficiency effect of changing τ0 is given by

dW/dθ
µ

∣∣∣∣
gi=1

= ε̄0 ·
τ̂0

1 + τ0
· dτ0
dθ

, (43)

where ε̄0 ≡
∫
i
xi0ε

i
00di. Hence, the only thing that has changed compared to the standard sufficient

statistic formula (19) is that the wedge τ0
1+τ0

has been replaced by the adjusted wedge τ̂0
1+τ0

. The

latter has to be estimated and so, given the directly observable tax parameters, the sufficient

statistics are ε̄0 and τ̂0.

6 Conclusion

This paper has revisited the foundations of the sufficient statistics approach, clarified its advan-

tages and limitations, and provided a number of generalizations. The approach builds on an

envelope theorem logic according to which the efficiency effect of any small policy reform can be

expressed as a fiscal externality from behavioral responses to the reform. This fiscal externality

is equal to the interaction — or a set of interactions — between reduced-form elasticities and tax-

transfer wedges. Therefore, the welfare analysis of small reforms is possible without estimating

the structural primitives of fully specified models, but based on non-parametrically identified

elasticities. Given the assumptions, the logic is simple and powerful.

In this paper, we highlight three challenges in the practical implementation of the sufficient

statistics approach. First, without putting any restrictions on the environment or preferences,

the resulting sufficient statistics formulas are difficult to implement empirically. While the fiscal

externality logic makes it conceptually straightforward to characterize general results that allow

for dynamics and general equilibrium effects, estimating the required dynamic own-price and

cross-price elasticities without making any parametric assumptions may be beyond our reach.

In fact, many papers in the sufficient statistic tradition start from a set of high-level structural

assumptions (quasi-linear preferences, separability assumptions, static environments, etc.) and

derive “sufficient statistics” conditional on those assumptions. Here we start from a general for-
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mula, making it transparent how different combinations of assumptions lead to simple sufficient

statistics formulas based on just one or two elasticities.

Second, existing sufficient statistics approaches are exact only for infinitessimal reforms, but

the reforms being studied are never infinitessimal.25 We develop a sufficient statistics approach

for large reforms that serves two purposes: (i) it elucidates the nature and magnitude of the

measurement error when assessing discrete reforms using the first-order approach, (ii) it charac-

terizes a set of sufficient statistics for the precise welfare analysis of discrete reforms. We show

that the welfare effect of large reforms can be (approximately) expressed in terms of the same

reduced-form elasticities as the standard formula along with the change in those reduced-form

elasticities due to the reform. It may well be that those elasticity changes cannot be estimated

non-parametrically, in which case our analysis shows that the sufficient statistics approach is in

fact a structural approach based on iso-elastic preferences.

Finally, most sufficient statistics approaches assume away any non-government distortions.

Allowing for a general formulation of non-government externalities and internalities, we present

sufficient statistics results that retain the standard form: welfare can be expressed as a set of

interactions between behavioral elasticities and modified “tax wedges” that include the uninter-

nalized money-metric utility effect of all externalities and internalities. This reflects the simple

insight that, in the presence of non-government market imperfections, the welfare effect equals

the total externality (fiscal and non-fiscal) from behavioral responses to the policy. The empirical

challenge is that we have to estimate both the behavioral elasticities and the externality-inclusive

wedges; they enter the welfare formula symmetrically and are therefore equally important. For

example, if we are considering taxes on high-income earners, we need to estimate both their

behavioral elasticity and the gap between their private and social marginal products of effort

(say, due to wage bargaining effects as modelled by Piketty, Saez, and Stantcheva 2014, social

status/rat race effects at the top, or other effects). In the sufficient statistics spirit, our results

highlight that welfare evaluation in the presence of non-policy distortions does not require a

fully specified model of the different market imperfections. It is sufficient to estimate “reduced-

form” gaps between private and social prices in conjunction with the behavioral elasticities that

we normally estimate.

25In the optimal tax literature we do study infinitessimal reforms, because they can be used to characterize the op-
timal policy rules (see e.g., Saez 2001; Piketty and Saez 2013). However, as explained above, these are hypothetical
pertubations around a social optimum and the implementation of the resulting policy rules requires global knowledge
and demand and supply functions. Therefore, optimal policy implementation requires a fully structural approach.
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FIGURE 1: FRACTION OF NBER WORKING PAPERS IN PUBLIC ECONOMICS REFERRING TO THE SUFFICIENT STATIS-
TICS APPROACH
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Notes: This graph shows the fraction of NBER Working Papers in Public Economics that refer to sufficient statistics in the context of welfare analysis. The fractions
are 5-year moving averages for working papers published between 1975 and 2016. To be counted as a paper that refers to the sufficient statistic approach, the paper
must contain at least one sentence that includes at least one word from each of the following three sets of words: (1) “parameter(s)”, “elasticity(ies)”, “response(s)”,
“responsiveness”, “statistic(s)”; (2) “sufficient”, “sufficiency”; (3) “efficiency”, “welfare”, “deadweight loss”, “excess burden”, “optimal”. See Kleven (2018) for
details.
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